INTRODUCTION Let x : [0,1] ->• R^ /7l
K be a continuous function with finite arc length i (1) s(x) = f'\dx(t)\.
0
(R^/Z^ denotes the J^-dimensional unit torus. As usual it can be identified with the J^-dimensioani unit cube [0,1)^.) Such a function can be interpreted as a particle's movement on 'R, K /Z K . It is of some interest to consider a measure for the irregularity of the distribution behaviour of this particle, the discrepancy i and the volume of R. R. J. Taschner [10] was the first who noticed that the discrepancy cannot be too small. He proved that for K > 2 ( 
DW(x)=sup [xR(x(t))dt-\KW
R
3) D^\x)>CKs(x)-{w/{K~l))
provided that s(x) > 1. (Another more general proof can be found in [5] .)
It is interesting to see that the discrepancy must be essentially larger if the supremum in (2) is taken over all rectangles in arbitrary position. Here we have (4) D^I\x)>CKs{x)-^l^K-^.
The same lower bound holds if we use balls instead of rectangles in arbitrary position or if we consider a particle's movement on the J^-dimensional unit sphere and the discrepancy with respect to spherical caps. It should be stated that the problem to find bounds for the discrepancy for continuous functions on the sphere was proposed by R.F. Tichy [11] .
In the first part of this paper (4) is proved by an application of J. Beck's Fourier transform method [2] and it is shown that the lower bounds (3) and (4) are optimal despite of logarithmic factors of s(x). The next part deals with convex bodies and gives a continuous analogon to J. Beck's solution of a problem of K. F. Roth [1] . In the last section some problems and results concerning the behaviour of the discrepancy are discussed if one consideres a function x : [0, oo) -> R^/Z^.
It should be noted that the discrepancy of a continuous function, introduced by E. Hiawka [7] , is an analogon to the discrepancy of sequences which measures the irregularity of a point distribution. An excellent survey of this subject including recent results with complete proofs can be found in J. Beck and W. Chen's book Irregularities of Distribution [2] . function with finite arclegth s(x) = f^ \dx(t)\ the discrepancy of x{t) with respect of K is defined by
TORUS & SPHERE
(5) D^\x)= sup \[xR(x(t))dt-\KW Tr- | / Tft-'V" •/
Ron
where Aj< is the Lebesgue measure on R^/Z^ (i. e. the Haar measure on R^/Z^).
where C^ is the set of all continuous functions x : 
and on the other hand
where ^Ae constants implied by < or > are only depending on the dimension K. Now let Q^ denote the set of all cubes Q E R^ in arbitrary position such that the length of the sides are < K~1 12 and ^ the set of balls B E R^ with diameter < 1. Again we can define discrepancies
X6CK \s)=^DW(x).
In comparison to Theorem 1 there is a significant difference. where the constants implied by < or > are only depending on the dimension K.
Remark 2. -Since every cube is also a rectangle (12) implies (4).
Remark 3. -Since the torus R^/Z^ can be identified with the unit cube U^ = [0,1)^ it is also possible to consider the set of cubes Q^ in arbitrary position contained in U^ and the set of balls BQ contained in Uf. Then it can be shown by a trunctation technique that the correspondinĝ°\ s) and ^°\s) satisfy
where e > 0 is arbitrary but fixed and the constants implied by > are also depending on e. (For details see section 3.) Let S^ = {x C R/^1 | \x\ = 1} denote the J^-dimensional unit sphere and (TK the normalized surface measure on S K \ i. e. cr^S^) = 1. Here we consider the set C^ of all spherical caps C = {x C S^ | \x •-m\ < r} (m e S^, r > 0) and the discrepancy of a continuous function x : (e > 0 arbitrary but fixed.) The technique used in [4] is an application of W. Schmidt's integral equation method [9] .
Lower bounds.
The lower bound (7) of Theorem 1 is due to R. J. Taschner [10] (see also [5] ). where * denotes the convolution operation. More precisely we have '(24) r^) = / Xr,r(x -y){dzM(y) -dp,M(y)) we derive by using the Parseval-Plancherel identity and the convolution relation
e will need two Lemmata.
uniformly in all t e R^.
IRREGULARITIES OF CONTINUOUS DISTRIBUTIONS
here c/s-is a proper constant only depending on the dimension K.
Proof. -Identify the unit torus R^/Z^ with the unit cube U^ = [0,1)^. Now subdivide U^ into A^ cubes Q(^) = n,^iKW 
Since Fr,r(x) is absolutely bounded by 1, (34) cannot be true if M is large enough, e. g. M = c^1'^2/^" 1 ) for some proper chosen constant CK. Therefore (35) implies that there is an r C [p,2p], a r C T, and an x € Q(M -1) with
The second part of (12), ^\s) > 5-(i/2+i/(^-i))^ can be proved similarly. Instead of (22) set
where \^ denotes the characteristic function of the ball B(r) = {x € R^ | \x\ < r}. Now consider here CK is a proper constant only depending on the dimension K.
The proof of Lemma 4 is verbally the same as the proof of Lemma 2. Hence we can deduce the bound ^\s) > 5-(i/2+i/(^-i)) ^g before. Therefore the proof of (12) f.
As in Lemma 2 it is possible to choose N »< ^A^-1 ) such that for 
1=1
(For example take an orthogonal lattice in X.) Similarly it can be shown that (55) is optimal, too. Remark 6. -This Corollary has two interesting consequences. The first one, that will be used here, is that an upper bound for fl{N), the smallest discrepancy of sequences, yields an upper bound for A(^), the smallest discrepancy of continuous functions. On the other hand, a lower bound for functions in terms of the arc length s gives a lower bound for sequences in terms of the number N. For example, consider N points on rci,...,^ on the sphere S^. Then Theorem 3 and the above Corollary imply that there is a sherical cap C C S^ such that Proof of Lemma 7. -It is no loss of generality to assume that e < 1 and (by Lemma 6) that
<e .
Thus (68) implies (57). The construction for (58) can be managed similarly. For Qo and Bo we must use a trunctation method to get 
IRREGULARITIES OF CONTINUOUS DISTRIBUTIONS

CONVEX BODIES
where (f)(s) is an arbitrary positive monotonic function with lim (f)(s)= oo.
S-->00
Furthermore (77) A^M « ,-(^V(^-D) (log(5 + I)) 172 .
The constants implied by ^C and ^> are only depending on the convex body X C R^ and on (f)(s) in (76).
Theorem 6 is a continuous analogon to J. Beck's [1] solution of a problem of K. F. Roth.
Lower bounds.
The proof of (71) is quite similar to the proofs of (12) We omit the proof of (73) since the major ideas are also included in the simpler proof of (76). In addition we generalize [1] 
Upper bounds.
A combination of the results for sequences [2] and the Corollary of Lemma 7 immediately implies the upper bounds (72), (74), and (77). • Trivially 5i = 0(1) and 62 = 0(1). Since h^ +0/13 > 2^ah^, 83 = 0(1), too. In order to estimate S^ we will split up the sum into three parts
FURTHER PROBLEMS & RESULTS
It is also interestiing to consider continuous functions
nd use the fact that
ow it is easy to show that In fact it can be shown that D^^pt^qt) = l/(4:pq). By using p = pn and q = pn^-i {pn is the n-th prime number satisfying pn ~ n \ogn) we can deduce (10) (132) ^\s) < Q + 0(1)) s-2 \s -oo) .
It is a pity that this method fails to reach the lower bound (9) in higher dimensions.
-RemarJc 8. -The example x(t) = (t^at) of Theorem 7 seems to be optimal in another sense, too. The author conjectures that there is no continuous function x : [0, oo) -> R 2 /^2 with finite arc length sr(x) (for all T > 0) such that (133) lim TD^ =0 .
Only in the one dimensional case it is possible to find functions x(t) satisfying (133). But this is the only example known. On the other hand it is easy to construct functions x(t) (for a very general setting of the discrepancy on compact spaces) such that limsupy_,oo T D^ (x) is arbitrarily small but not 0. (The construction is similar to that of [6] .)
The higher dimensional case [K > 3) seems to be more difficult. Until now the author only knows 
